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Abstract
Let k be a number field. For an odd prime p and an integer i ≥ 2, let X2e´t(k,Zp(i)) denote the
étale wild kernel of k (corresponding to p and i). Then X2e´t(k,Zp(i)) is contained in the finite
group H2e´t(o
′
k,Zp(i)), where o
′
k is the ring of p-integers of k. We give conditions for the inclusion
X
2
e´t(k,Zp(i)) ⊆ H2e´t(o′k,Zp(i)) to split. We analyze this problem using Iwasawa theory. In particular
we relate the splitting of the above inclusion to the triviality of two invariants, namely the asymptotic
kernels of the Galois descent and codescent for class groups along the cyclotomic tower of k. We
illustrate our results in both split and non-split cases for quadratic number fields.
1 Introduction and notations
For a number field k, the classical wild kernelWK2(k) is the kernel of all local power norm residue symbols.
It fits in the Moore exact sequence
0→WK2(k)→ K2(k)→ ⊕
v
µ(kv)→ µ(k)→ 0, (1)
where v runs through all non complex places of k, kv is the completion of k at v and µ(kv) (resp. µ(k))
is the group of roots of unity of kv (resp. k). It is known (see [Ta71] and also [Hu01]) that, for an odd
prime p, the p-primary part WK2(k){p} of the wild kernel consists of the elements of infinite height of
K2(k){p}. In particular, the inclusion WK2(k){p} ⊂ K2(k){p} never splits, unless WK2(k){p} = 0.
The wild kernel is actually contained in the tame kernel of k, denoted K2(ok), and there is an exact
sequence
0→WK2(k){p} → K2(ok){p} → ⊕
v|p
µ(kv){p} → µ(k){p} → 0.
In the study of the structure of K2(ok), it is interesting to know when the inclusion WK2(k){p} ⊆
K2(ok){p} splits. Strangely enough, it seems that this question has never been studied so far. The aim
of this paper is to give conditions for the inclusion WK2(k){p} ⊆ K2(ok){p} to split. Together with some
additional results (e.g. the Birch-Tate formula), this sometimes allows one to completely determine the
structure of K2(ok){p} (see Section 6).
Actually, using the results of Tate ([Ta76]), WK2(k){p} (resp. K2(ok){p}) can be interpreted as
a Tate-Shafarevic (resp. cohomology) group. This leads directly to a generalization of the inclusion
WK2(k){p} ⊆ K2(oK){p}, as we shall now explain.
Let p be an odd prime and let i ∈ Z be an integer. Let o′k be the ring of p-integers of k, which embeds
into kv for every v | p. Accordingly we have a homomorphism in cohomology
λi : H
2
e´t(o
′
k,Zp(i))→ ⊕
v|p
H2e´t(kv,Zp(i)).
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Here H2e´t(o
′
k,Zp(i)) = lim←−
H2e´t(o
′
k, µ
⊗i
pn), where the limits are taken over the natural maps µ
⊗i
pn+m
→ µ⊗ipn of
Spec(o′k)-étale sheaves (and similarly for H
2
e´t(kv ,Zp(i))). One can define the i-th étale wild kernel of K as
X
2
e´t(k,Zp(i)) = ker(λi)
(see [Sc79], [NQD92], [Kol93], [Ba93]). Note that X2e´t(k,Zp(i)) (resp. H
2
e´t(o
′
k,Zp(i))) is finite if i ≥ 1
(resp. i ≥ 2), see [Sc79], [So79]. In fact X2e´t(k,Zp(i)) is also conjectured to be finite when i ≤ 0, but for
the rest of this introduction we will suppose i ≥ 1. Part of the (dual) exact sequence of Poitou-Tate (see
[Sc79, §4, Satz 8]) then reads
0→X2e´t(k,Zp(i))
ιk,i→ H2e´t(o′k,Zp(i)) λi−→ ⊕
v|p
H2e´t(kv ,Zp(i))
res∗−→ H0e´t(k,Qp/Zp(1− i))∗ → 0, (2)
where (−)∗ denotes the Pontryagin dual and, by local duality,
H2e´t(kv ,Zp(i))
∼= H0e´t(kv ,Qp/Zp(1− i))∗.
For i = 2, there is a commutative diagram
WK2(k){p} −−−−→ K2(ok){p}
≀
y ≀y
X
2
e´t(k,Zp(2))
ιk,2−−−−→ H2e´t(o′k,Zp(2)),
where the left isomorphism is due to Schneider ([Sc79]) and the right one is due to Soulé ([So79]). Therefore
our splitting problem is equivalent to that of ιk,2. As it is well-known, there are analogues of the above
diagrams for any i ≥ 2: the vertical arrows of these “higher” diagrams are still isomorphisms in view of the
Quillen-Lichtenbaum conjecture, which is a consequence of the Bloch-Kato conjecture (see for example
[Kol04, Theorem 2.7]) proven by Rost-Voevodsky (see [We09] for more details). In fact we will study
the splitting of the inclusion ιk,i for general i ≥ 2 (it is easy to see that ιk,1 always splits, see Section
4). To this end, we look at this problem along the cyclotomic tower of the base field and apply Iwasawa
theoretical tools to derive our results.
Let X2∞(k,Zp(i)) (resp. H
2
∞(o
′
k,Zp(i))) be the direct limit of X
2
e´t(kn,Zp(i)) (resp. H
2
e´t(o
′
kn
,Zp(i)))
with respect to the restriction homomorphisms along the cyclotomic Zp-extension k∞ of k, whose n-th
layer is denoted kn. Set K = k(µp) and ∆ = Gal(K/k). Then the map ιK,∞ = ιK,∞,i = lim
−→
ιKn,i fits in a
commutative diagram (see Proposition 3.4)
X
2
∞(K,Zp(i))
ιK,∞−−−−→ H2∞(o′K ,Zp(i))
≀
x ≀x
tΛ(BPK∞)(−i)∗ −−−−→ tΛ(XK∞)(−i)∗
assuming Leopoldt’s conjecture. Here XK∞ (resp. BPK∞) is the Galois group of the maximal abelian
pro-p-extension of K∞ which is unramified outside p (resp. the Galois group of the union of the fields of
Bertrandias-Payan over Kn for all n, see Definition 2.8). Both XK∞ and BPK∞ are finitely generated Λ-
modules (where Λ = Zp[[Gal(K∞/K)]] is the Iwasawa algebra) and tΛ(·) denotes the Λ-torsion submodule.
The advantage of considering limits lies mainly in the fact that, using the results of [LMN05], one can
easily spot a sufficient condition for the surjection
tΛ(XK∞)→ tΛ(BPK∞) (3)
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to split (as a morphism of Λ-modules), namely the triviality of the invariant Ψ(K∞). The latter is a finite
group (under Gross’s conjecture for every layer Kn) defined as the direct limit of the groups
Ψ(Kn) := ker
((
X ′K∞
)
Gal(K∞/Kn)
→ A′Kn
)
.
Here X ′K∞ = lim←−A
′
Kn
, where A′Kn is the p-Sylow subgroup of the class group of o
′
Kn
and the limit is taken
with respect to norms.
Once a condition for the splitting of the inclusion ιK,∞ has been found, one may transfer it to finite
layers. The most direct way is to perform Galois descent from K∞ to K, namely consider the commutative
diagram
X
2
e´t(k,Zp(i))
ιk−−−−→ H2e´t(o′k,Zp(i))y y
X
2
∞(K,Zp(i))
Gal(K∞/k)
ιK,∞−−−−→ H2∞(o′K ,Zp(i))Gal(K∞/k).
(4)
The vertical arrows of the above diagram are surjective and have the same kernel X ′ ◦K∞ (i − 1)Gal(K∞/k)
(see Theorem 2.1). Here X ′ ◦K∞ denotes the maximal finite Λ-submodule of X
′
K∞
. Therefore ιk splits as
soon as Ψ(K∞) and X
′ ◦
K∞
vanish. It turns out that something stronger is also true (see Proposition 3.7
and Theorem 3.8). For instance ιk splits, provided that Ψ(K∞)(i − 1)∆ = 0 and the right vertical arrow
of (4) splits (as abelian groups). The latter condition holds, for example, for kn, if n is sufficiently large
and the Iwasawa µ-invariant of X ′K∞ is trivial (see [Va09]).
We have also developed another approach which uses codescent instead of descent. Let X2Iw(K,Zp(i))
(resp. H2Iw(o
′
K ,Zp(i))) be the inverse limit ofX
2
e´t(Kn,Zp(i)) (resp. H
2
e´t(o
′
Kn
,Zp(i))) over the corestriction
homomorphisms. Then we have an injection ιK,Iw = ιK,Iw,i = lim
←−
ιKn,i and a commutative diagram
X
2
e´t(k,Zp(i))
ιk−−−−→ H2e´t(o′k,Zp(i))
≀
x ≀x
X
2
Iw(K,Zp(i))Gal(K∞/k)
ιK,Iw−−−−→ H2Iw(o′K ,Zp(i))Gal(K∞/k)
(5)
whose vertical arrows are isomorphisms. Hence, for ιk to split it is sufficient that ιK,Iw splits in the category
of Λ[∆]-modules and we shall give a condition for that in Theorem 4.4 (see also Lemma 4.1). When the
p-adic primes are totally ramified in K∞/K, the above condition simply reduces to Ψ(K)(i− 1)∆ = 0, see
Corollary 4.5.
One can also follow a quite different approach, based on the following remark. The inclusion ιk :
X
2
e´t(k,Zp(i)) → H2e´t(o′k,Zp(i)) splits if and only if, for every n ∈ N, the induced homomorphism
X
2
e´t(k,Zp(i))/p
n → H2e´t(o′k,Zp(i))/pn stays injective. In Section 5, we express the above criterion in
terms of class groups, following the strategy of [Ca10] and using in particular Schneider’s isomorphism
([Sc79])
X ′K∞ (i− 1)Gal(K∞/k) ∼= X2e´t(k,Zp(i)) (i 6= 1).
This turns out to be particularly useful to give examples of number fields k for which ιk does not split.
We also use our criterion to give a different proof of Corollary 4.5.
We conclude by applying our results to the inclusion
WK2(k){3} ⊆ K2(ok){3},
for families of quadratic fields k, giving examples for both split and non-split cases. In particular we
are able to confirm some of the predictions of [BG99] on the exact structure of wild and tame kernels of
imaginary quadratic fields.
3
Notations
Let k be a number field and let p be an odd prime, we now give the most relevant notations used in the
paper:
µpn , µp∞ group of p
n-th (resp. p-power order) roots of unity in an algebraic closure k of k;
K k(µp);
k∞ cyclotomic Zp-extension of k inside k;
kn n-th layer of k∞;
Γn Galois group of k∞/kn, which is identified with Gal(K∞/Kn) (Γ = Γ0);
Gn Galois group of K∞/kn (G = G0);
∆ Galois group of K∞/k∞, which is identified with Gal(K/k);
A′kn p-Sylow subgroup of the ideal class group of the ring of (p)-integers of kn;
A′k∞ direct limit of A
′
kn
with respect to the maps induced by the inclusions kn ⊂ kn+1;
X ′k∞ projective limit of A
′
kn
with respect to the maps induced by the norms kn+1 → kn;
Xkn , Xk∞ Galois group of the maximal pro-p-abelian extension of kn (resp. k∞) unramified outside p.
Let M be a (topological) Zp[Gal(k/k)]-module. The Pontryagin dual M
∗ = HomZp(M,Qp/Zp) of M
is a Zp[Gal(k/k)]-module with the action defined by (gφ)(m) = φ(g
−1m), for any g ∈ Gal(k/k), m ∈ M
and φ ∈M∗. We also consider, for any i ∈ Z, the i-th Tate twist of M , denoted M(i) = M ⊗Zp Zp(i), as
a Zp[Gal(k/k)] with the action g(m⊗ x) = g(m)⊗ g(x).
If A is a ring and M is an A-module, we will denote by tA(M) the torsion submodule of M . For a ∈ A,
M{a} denotes the submodule of elements of M which are killed by a power of a. If G is a group acting
on M , we denote by MG (resp. MG) the submodule of invariants (resp. the quotient of coinvariants) of
M , i.e. the maximal submodule (resp. the maximal quotient) of M on which G acts trivially.
We also recall three classical conjectures we shall often refer to throughout the paper.
Leopoldt’s Conjecture. The Zp-module Xk has rank r2(k) + 1, where r2(k) is the number of complex
places of k.
Gross’s Conjecture. The group (X ′k∞ )Γ (or equivalently (X
′
k∞
)Γ) is finite.
Greenberg’s Conjecture. If k is totally real, then X ′k∞ is finite.
If E/k is a finite extension and Leopoldt’s conjecture (resp. Gross’s conjecture) holds for E, then it
holds for k too. Moreover, both Leopoldt’s and Gross’s conjectures are known to hold if k/Q is abelian.
2 Background
This section is devoted to the description of some Iwasawa theoretical objects which will allow us to
formulate our main results.
Let p be an odd prime. For a number field k, set K = k(µp), where µp is the group of p-th roots of
unity in an algebraic closure k of k, and ∆ = ∆k = Gal(K/k). Let k∞ denote the cyclotomic Zp-extension
of k and set Γ = Γk = Gal(k∞/k). As usual, we shall denote by Λ = Λk = Zp[[Γk]] the completed group
algebra of Γk. For every n ∈ N, we set Γn = Γpn and denote by kn the subfield of k∞ fixed by Γn, so that
k∞ = ∪n∈Nkn.
Let o′k be the ring of p-integers of k and, for any i ∈ Z, let X2e´t(k,Zp(i)) and H2e´t(o′k,Zp(i)) denote the
higher wild and tame kernels of k, respectively, as defined in the introduction. We will use the following
notation:
X
2
Iw(k,Zp(i)) = lim←−
X
2
e´t(kn,Zp(i)) and H
2
Iw(o
′
k,Zp(i)) = lim←−
H2e´t(o
′
kn ,Zp(i)),
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where the limits are taken over corestriction maps, and
X
2
∞(k,Zp(i)) = lim−→
X
2
e´t(kn,Zp(i)) and H
2
∞(o
′
k,Zp(i)) = lim−→
H2e´t(o
′
kn ,Zp(i)),
where the limits are taken over restriction maps. Note that the inclusions ιkn : X
2
e´t(kn,Zp(i)) →
H2e´t(o
′
kn
,Zp(i)) induce inclusions
ιk,Iw,i = ιk,Iw : X
2
Iw(k,Zp(i))→ H2Iw(o′k,Zp(i)) and ιk,∞,i = ιk,∞ : X2∞(k,Zp(i))→ H2∞(o′k,Zp(i)).
It is well known that both higher tame and wild kernels behave well under Galois co-descent along the
cyclotomic Zp-extension. More precisely, for any n ∈ N and i ≥ 2, the natural projection homomorphisms
induce isomorphisms
X
2
Iw(k,Zp(i))Γn
∼= X2e´t(kn,Zp(i)) and H2Iw(o′k,Zp(i))Γn ∼= H2e´t(o′kn ,Zp(i)), (6)
(see [KM00, Corollary 2.7]).
On the other hand the natural descent homomorphisms
X
2
e´t(kn,Zp(i))→X2∞(k,Zp(i))Γn and H2∞(kn,Zp(i))→ H2∞(o′k,Zp(i))Γn
are not in general injective but still surjective, as we shall recall in Theorem 2.1 below.
First we need some notation. For any number field k, let A′k denote the p-Sylow subgroup of the
ideal class group of o′k. For any n ∈ N, set Gkn = Gn = Gal(K∞/kn) and we shall also write G = Gk for
G0. Let X ′k∞ denote the Galois group of the maximal abelian pro-p-extension of k∞ which is completely
decomposed everywhere. Then, by class field theory, X ′k∞ is isomorphic to the inverse limit lim←−
A′kn with
respect to the norm homomorphisms. Finally, for a finitely generated Λ-module M , we denote by M◦ the
maximal finite Λ-submodule of M . Then the following theorem (more or less known) gives the description
of Galois descent for higher wild and tame kernels.
Theorem 2.1. Let i ≥ 2 be an integer. There exists a commutative diagram of Gal(kn/k)-modules
0 −−−−→ X ′ ◦K∞ (i− 1)Gn −−−−→ X2e´t(kn,Zp(i)) −−−−→ X2∞(k,Zp(i))Γn −−−−→ 0∥∥∥ y y
0 −−−−→ X ′ ◦K∞ (i− 1)Gn −−−−→ H2e´t(o′kn ,Zp(i)) −−−−→ H2∞(o′k,Zp(i))Γn −−−−→ 0,
(7)
whose rows are exact and vertical arrows are injective. Moreover, if the Iwasawa µ-invariant of the Λ-
module X ′K∞ is trivial, then both the top and the bottom exact sequences split (as abelian groups) for n
large.
Proof. The bottom sequence is defined and proved to be exact in [Co72, Theorem 7] for i = 2 in terms
of K-theory and in [NQD89, Section 4] for general i (see also [KM00, Proposition 3.2, Corollary 3.3,
Theorem 3.6]). The surjectivity of the map X2e´t(kn,Zp(i)) → X2∞(k,Zp(i))Γn is noticed in [LMN05,
page 854] (it is an easy consequence of [LMN05, Lemma 1.1] together with Schneider’s isomorphism
X ′K∞(i−1)Gn ∼= X2e´t(kn,Zp(i)), see [Sc79, §6, Lemma 1]) and its kernel is indeed isomorphic toX ′ ◦K∞ (i−1)∆
as shown in [KM00, Proposition 3.8]. Using the injectivity of X2e´t(kn,Zp(i)) → H2e´t(o′kn ,Zp(i)) and the
finiteness of X ′ ◦K∞ (i − 1)Gn , we deduce that the left-hand square of the diagram of the theorem is indeed
commutative. The last assertion of the theorem is due to Validire (see [Va09, Proposition 3.3 and Theorem
4.1]).
Remark 2.2. One can actually show that the last assertion of the above theorem holds under the weaker
assumption that the Iwasawa µ-invariant of the Λ-module X ′K∞ (i − 1)∆ is trivial (see [Va08, Théorème
3.1.8]).
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The module X ′ ◦K∞ has a relevant role in our approach. Of course X
′ ◦
K∞
has other arithmetic interpreta-
tions, discovered mainly by Iwasawa, which we shall now briefly recall.
When i = 1, X2e´t(k,Zp(1)) is isomorphic to A
′
k (see [Sc79, §4, Satz 8]). A classical result of Iwasawa
(whose proof is essentially contained in [Iw73]) states that there is an exact sequence
0→ (X ′ ◦k∞ )Γn → A
′
kn → A′Γnk∞ , (8)
where A′k∞ = lim−→
A′kn denotes the direct limit of class groups with respect to the maps induced by extension
of ideals. The above sequence may therefore be considered as the classical analogue of the top sequence
of the diagram of Theorem 2.1. The splitting (as abelian groups) of the inclusion (X ′ ◦k∞ )Γn → A′kn in (8)
for n large was proved by Grandet and Jaulent (see [GJ85, Théorème]).
Another interpretation of X ′ ◦k∞ can be given in the following context. Let Xk (resp. Xk∞) be the Galois
group of the maximal pro-p-abelian extension of k (resp. k∞) unramified outside p and the archimedean
primes. In fact we have Xk∞ = lim←−
Xkn , the limit being taken over the restriction maps. Moreover Xk
(resp. Xk∞) can be shown to a be finitely generated Zp-module (resp. Λ-module). More precisely, a
well-known theorem of Iwasawa asserts that there is a pseudo-isomorphism f : Xk∞/tΛ(Xk∞) → Λr2(k)
where r2(k) is the number of complex places of k (see [Wa97, Theorem 13.31]) and Hk = coker(f) is
independent of f up to isomorphism (see [Gr78, §3], [Ja89]). Then, as explained by Greenberg in [Gr78,
§5], one can deduce from [Iw73] an isomorphism of Λ[∆]-modules
X ′ ◦K∞
∼= H∗K(1),
where, for a Λ[∆]-module M , we denote by M∗ = HomZp(M,Qp/Zp) its Pontryagin dual. Note that, if
k is totally real, then the plus part of HK is clearly trivial. In particular the above isomorphism can be
used, for instance, to prove the following well-known result.
Proposition 2.3. If k is totally real and i ∈ Z is even, then
X ′ ◦K∞ (i− 1)Gn = 0 for every n ∈ N.
We now come to another object which is fundamental for our approach.
Definition 2.4. For a number field k, let Ψ(k) denote the kernel of the natural map (X ′k∞)Γ → A′k.
Note that, if Gross’s conjecture holds for k, Ψ(k) is a finite group. If m ≥ n it is easy to see that the
map (X ′k∞)Γn → (X ′k∞)Γm , given by multiplication by ωm/ωn induces a map Ψ(kn)→ Ψ(km).
Definition 2.5. For a number field k, set
Ψ(k∞) := lim
−→
Ψ(kn),
where the limits are taken over the maps described above.
Let n0 = n0(k) denote the smallest integer for which all p-adic primes are totally ramified in k∞/kn0
(in particular the map X ′k∞ → A′kn is surjective for n ≥ n0).
Lemma 2.6. For any j ∈ Z, if Ψ(Kn)(j)∆ = 0 for some n ≥ n0(K), then Ψ(Km)(j)∆ = 0 for every
m ≥ n and therefore Ψ(K∞)(j)∆ = 0. Assume moreover that the Gross conjecture holds for all the layers
kn. Then for all n large enough the groups Ψ(kn) stabilize and the natural maps Ψ(kn)→ Ψ(k∞) become
isomorphisms (in particular Ψ(k∞) is finite).
Proof. The proof of the first assertion is an easy generalization of [LMN05, proof of Corollary 1.6]. The
last assertion is [LMN05, Lemma 1.3].
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Remark 2.7. If there is only one prime above p in k∞ then Ψ(kn) = 0 for every n ≥ n0(k) (this can be
easily deduced for example from [Wa97, Lemma 13.15]) and therefore Ψ(k∞) = 0. Note also that if k
is a totally real field satisfying Greenberg’s conjecture, then one can easily show that the norm induces
isomorphisms A′km
∼= A′kn for m ≥ n large enough, implying that Ψ(k∞) is trivial.
The invariant Ψ(k∞) has at least two interesting interpretations, described in [LMN05]. To explain
the first one, set, for any n ∈ N,
Ckn := coker(A
′
kn → A′Γnk∞ ).
Then, if Gross’s conjecture holds for kn, Ckn is a finite group (actually (X
′
k∞
)Γn is finite if and only if A
′Γn
k∞
is, as is easily seen using [Iw73, Theorem 11]). As is shown in [LMN05, Theorem 1.4], if n is large enough,
Ckn is independent of n (up to isomorphism) and indeed isomorphic to Ψ(k∞).
The second interpretation of Ψ(k∞), which will be the most relevant for us, is in terms of Galois theory.
Definition 2.8. Let K be a number field containing µp. The field of Bertrandias-Payan K
BP over K is
the compositum of all the (cyclic) p-extensions of K which are embeddable in cyclic extensions of degree
pm, for all m ≥ 1. Note that KBP /K is a Galois extension and we set BPK = Gal(KBP /K).
In fact KBP coincides with the compositum of all extensions of K which are locally Zp-embeddable
for any finite place (see [NQD86, Lemme 4.1]). Using this observation, it is not difficult to show that, if
MK denotes the maximal abelian pro-p-extension of K unramified outside p (thus XK = Gal(MK/K)),
then KBP ⊆MK and accordingly the restriction induces a surjection
XK ։ BPK . (9)
Moreover, if E is a number field containing K, then one easily sees that KBP ⊆ EBP and therefore the
restriction defines a map BPE → BPK . In particular we can consider BPK∞ = lim←− BPKn , the limit
being taken over the restriction maps. Set also KBP∞ = ∪n∈NKBPn , so that Gal(KBP∞ /K∞) = BPK∞
(note, however, that in general KBP∞ is strictly contained in the compositum of all the p-extensions of
K∞ which are embeddable in cyclic extensions of degree p
m for all m ≥ 1). Now KBP∞ is contained in
MK∞ = ∪MKn (thus MK∞ is the maximal abelian pro-p-extension of K∞ which is unramified outside p
and XK∞ = Gal(MK∞/K∞)) and the inverse limits of the surjections (9) gives a surjection of Λ-modules
XK∞ ։ BPK∞ .
Using the arguments of [NQD86, proof of Theorem 4.2], one can show that the kernel of the above map
is a Λ-torsion module, giving a surjection between the torsion submodules
tΛ(XK∞)։ tΛ(BPK∞). (10)
Let TK∞ be the subextension of MK∞ which is fixed by the torsion submodule tΛ(XK∞) of XK∞ and
N ′K∞ be the (Galois) extension of K∞ which is obtained by adjoining to K∞ the p
m-th roots of all the
p-units of K∞, for all m ∈ N. We have TK∞ ⊆ N ′K∞ , thanks to [Iw73, Theorem 15], and TK∞ ⊆ KBP∞ ,
by (10). If we set N ′′K∞ = N
′
K∞
∩KBP∞ , then the promised Galois theoretical interpretation of Ψ(K∞) is
given by the following result.
Theorem 2.9. Assume that the Gross conjecture holds for all layers Kn. Then there is an isomorphism
of Λ[∆]-modules
Ψ(K∞)
∗(1) ∼= Gal(N ′′K∞/TK∞).
Proof. See [LMN05, Théorème 2.5].
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The above setting can therefore be summarized by the following diagram of fields which are all Galois
extensions of k:
MK∞
✽✽
✽✽
✽✽
✽✽
✽✽
✽✽
✽✽
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
tΛ(XK∞)
N ′K∞
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
KBP∞
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞
✞✞
tΛ(BPK∞ )
N ′′K∞
Ψ(K∞)∗(1)
TK∞
Remark 2.10. As is apparent in the above diagram, if Ψ(K∞) = 0, the restriction sends Gal(MK∞/N
′
K∞
)
isomorphically onto tΛ(BPK∞). Therefore the triviality of Ψ(K∞) implies that the surjection tΛ(XK∞)→
tΛ(BPK∞) splits in the category of Λ-modules.
3 Conditions for the splitting via Galois descent
Now that the Iwasawa theoretical setting has been described, we give conditions for the splitting of
the inclusion ιk,∞ : X
2
∞(k,Zp(i)) → H2∞(o′k,Zp(i)). This map is intimately related to the projection
π : tΛ(XK∞)→ tΛ(BPK∞) that appeared in the preceding section, as we shall explain in this section.
We begin with a refined version of Remark 2.10. We need the following lemma that will also be used
in the next section.
Lemma 3.1. Let R be a ring and let
0 0y y
0 −−−−→ A1 α1−−−−→ A2 α2−−−−→ A3 −−−−→ 0
ι1
y ι2y ι3y
0 −−−−→ B1 β1−−−−→ B2 β2−−−−→ B3 −−−−→ 0
pi2
y pi3y
T2
τ2−−−−→ T3y y
0 0
be a commutative diagram of R-modules with exact rows and columns. Suppose that τ2 (or equivalently ι1)
is an isomorphism. Then the following are equivalent:
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(i) α2 and π2 split;
(ii) β2 and π3 split.
Proof. If π2 has a section, say λ2, then β2 ◦ λ2 ◦ τ−12 is a section of π3. If moreover α2 splits, then α1 has
a section, say ρ1. Then ι1 ◦ ρ1 ◦ ν2 is a section of β1, where ν2 is a section of ι2. In particular β2 splits.
If β2 splits, then β1 has a section, say σ1. Then ι
−1
1 ◦ σ1 ◦ ι2 is a section of α1 (in particular α2 splits). If
moreover π3 has a section, say λ3, then σ2 ◦ λ3 ◦ τ2 is a section of π2, where σ2 is a section of β2.
Proposition 3.2. Suppose that Leopoldt’s and Gross’s conjectures hold for all the layers Kn. Then the
following conditions are equivalent:
• the surjective Λ-morphism tΛ(XK∞)(−i)∆ → Ψ(K∞)∗(1− i)∆ splits;
• the surjective Λ-morphisms tΛ(BPK∞)(−i)∆ → Ψ(K∞)∗(1−i)∆ and tΛ(XK∞)(−i)∆ → tΛ(BPK∞)(−i)∆
split.
In particular, if Ψ(K∞)(i − 1)∆ = 0, then the surjective Λ-homomorphism
tΛ(XK∞)(−i)∆ → tΛ(BPK∞)(−i)∆
splits.
Proof. Note that N ′K∞/k and K
BP
∞ /k are Galois extensions. This implies that Gal(MK∞/N
′
K∞
) and
Gal(KBP∞ /N
′′
K∞
) are Λ[∆]-submodules of tΛ(XK∞) and tΛ(BPK∞), respectively. Therefore we have a
commutative diagram of Λ[∆]-modules with exact rows and columns
0 0y y
0 −−−−→ Gal(MK∞/KBP∞ ) −−−−→ Gal(MK∞/N ′′K∞) −−−−→ Gal(KBP∞ /N ′′K∞) −−−−→ 0∥∥∥ y y
0 −−−−→ Gal(MK∞/KBP∞ ) −−−−→ tΛ(XK∞) −−−−→ tΛ(BPK∞) −−−−→ 0y y
Ψ(K∞)
∗(1) Ψ(K∞)
∗(1) −−−−→ 0y y
0 0
Furthermore the surjective homomorphism Gal(MK∞/N
′′
K∞
) → Gal(KBP∞ /N ′′K∞) of Λ[∆]-modules splits
(since Gal(MK∞/N
′
K∞
) is an isomorphic preimage of Gal(KBP∞ /N
′′
K∞
)). Now tensor the above diagram
with Zp(−i) and take ∆-coinvariants. The resulting diagram satisfies the hypotheses of Lemma 3.1, which
implies the equivalence between the two assertions of the proposition.
Before the description of the relation between ιk,∞ and the projection tΛ(XK∞) → tΛ(BPK∞), we
quote the following well-known lemma.
Lemma 3.3. Let M be a Λ[∆]-module which is a finitely generated Λ-module. Suppose that (tΛ(M))Γn is
finite for all n ∈ N. Then the natural map M → lim
←−
MΓn induces an isomorphism of Λ[∆]-modules
tΛ(M) ∼= lim
←−
tZp(MΓn).
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Proof. See [NQD89, proof of Proposition 2.1].
The proof of the following proposition is inspired by the papers [NQD86, NQD88].
Proposition 3.4. Suppose that Leopoldt’s conjecture holds for all the layers Kn. Then, for every i ≥ 0
and i 6= 1, there are natural isomorphisms of Λ[∆]-modules
tΛ(XK∞)(−i) ∼= H2∞(o′K ,Zp(i))∗ and tΛ(BPK∞)(−i) ∼= X2∞(K,Zp(i))∗,
fitting into a commutative diagram
H2∞(o
′
K ,Zp(i))
∗
ι∗
K,∞−−−−→ X2∞(K,Zp(i))∗
≀
y ≀y
tΛ(XK∞)(−i) pi−−−−→ tΛ(BPK∞)(−i),
where π is induced by the natural projection XK∞ → BPK∞.
Proof. We shall prove the statement supposing that Kn0 = K, i.e. all p-adic primes are totally ramified
in K∞/K. The general case easily follows since no object appearing in the statement changes if K is
replaced by a higher layer of the cyclotomic tower. Furthermore every morphism we shall consider in the
proof can be easily checked to be invariant with respect to the action of the Galois group of any Galois
extension K/E.
Recall that, for every i ∈ Z, there is an isomorphism of Zp[∆]-modules
H2e´t(o
′
K ,Zp(i))
∗ ∼= tZp(XK∞(−i)Γ) (11)
(see [NQD89, Lemme 4.1]). Similarly one shows that for every prime v above p inK there is an isomorphism
of Zp[∆v]-modules
H2e´t(Kv ,Zp(i))
∗ ∼= tZp(XKv,∞ (−i)Γv ),
where XKv,∞ is the Galois group of the maximal abelian pro-p-extension of the cyclotomic Zp-extension
Kv,∞/Kv, Γv = Gal(Kv,∞/Kv) and ∆v = Gal(Kv/kv0) where v0 is the prime of k below v. The above
isomorphisms yield a commutative diagram of Zp[∆]-modules
⊕
v|p
H2e´t(Kv,Zp(i))
∗ −−−−→ H2e´t(o′K ,Zp(i))∗
≀
y ≀y
⊕
v|p
tZp(XKv,∞(−i)Γv ) −−−−→ tZp(XK∞(−i)Γ).
(12)
If i 6= 1, then the group (tΛv(XKv,∞(−i))Γv is finite for every v | p in K, where Λv = Zp[[Γv]] (this
follows from [Iw73, Theorem 25]). The same holds for (tΛ(XK∞)(−i))Γ provided i ≥ 2 (this follows easily
from [NQD89, Lemme 4.3]) or i = 0 and Leopoldt’s conjecture holds for K (see [Iw73, Lemma 21]).
Moreover, an easy check shows the diagram in (12) to be compatible with the restriction maps on both
sides. Therefore, for every i ≥ 0 and i 6= 1, taking direct limits over K∞/K with respect to those maps
and using Lemma 3.3, we get a commutative diagram (under Leopoldt’s conjecture for all the layers Kn
when i = 0)
⊕
v|p
H2∞(Kv ,Zp(i))
∗ −−−−→ H2∞(o′K ,Zp(i))∗
≀
y ≀y
⊕
v|p
tΛv(XKv,∞(−i)) −−−−→ tΛ(XK∞(−i)),
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where H2∞(Kv ,Zp(i)) = lim−→
H2e´t((Kv)n,Zp(i)). Since clearly
tΛ(XK∞(−i)) = tΛ(XK∞)(−i) and tΛv(XKv,∞(−i)) = tΛv(XKv,∞)(−i), (13)
we deduce that, for every i ≥ 2, there is a commutative diagram
H2∞(o
′
K ,Zp(i)) −−−−→ ⊕
v|p
H2∞(Kv ,Zp(i))
≀
y ≀y
H2∞(o
′
K ,Zp)(i) −−−−→ ⊕
v|p
H2∞(Kv ,Zp)(i)
(14)
which implies in particular that
X
2
∞(o
′
K ,Zp(i))
∼= X2∞(o′K ,Zp)(i). (15)
Now, the field of Bertrandias-Payan over K certainly contains the compositum of all the Zp-extensions of
K. Therefore the map tZp(XK)→ tZp(BPK), induced by (9), is surjective. In fact, it follows easily from
the arguments of [NQD86, Théorème 4.2] that there is a commutative diagram of Zp[Gal(K/k)]-modules
with surjective rows
H2e´t(o
′
K ,Zp)
∗ −−−−→ X2e´t(K,Zp)∗
≀
y ≀y
tZp(XK) −−−−→ tZp(BPK)
where the left-hand isomorphism is (11), while the right-hand one is induced by the diagram. As before,
the above diagram is compatible with restriction maps and taking inverse limits with respect to those
maps over K∞/K yields a commutative diagram
H2∞(o
′
K ,Zp)
∗ −−−−→ X2∞(o′K ,Zp)∗
≀
y ≀y
lim
←−
tZp(XKn) −−−−→ lim←− tZp(BPKn).
(16)
If Leopolt’s conjecture holds for Kn for every n ∈ N, using Lemma 3.3 we can replace the bottom line of
diagram (16) by the surjection tΛ(XK∞) → tΛ(BPK∞). Then the result follows by applying the functor
⊗ZpZp(−i) to diagram (16) and using (13), (14) and (15).
Remark 3.5. From the proof of the above proposition, we deduce that, if i ≥ 2 and Leopoldt’s conjecture
holds for Kn for all n ∈ N, then there is a commutative diagram of Λ[∆]-modules
X
2
∞(K,Zp(i))
ιK,∞,i−−−−→ H2∞(o′K ,Zp(i))
≀
y ≀y
X
2
∞(K,Zp)(i)
ιK,∞,0(i)−−−−−−→ H2∞(o′K ,Zp)(i)
whose vertical arrows are natural isomorphisms.
Corollary 3.6. Suppose that Leopoldt’s conjecture holds for all the layers Kn. Then for every i ≥ 2 the
following conditions are equivalent:
1. the injective Λ-homomorphism X2∞(k,Zp(i))→ H2∞(o′k,Zp(i)) splits;
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2. the surjective Λ-homomorphism tΛ(XK∞)(−i)∆ → tΛ(BPK∞)(−i)∆ splits.
In particular, if Ψ(K∞)(i−1)∆ = 0, the inclusion X2∞(k,Zp(i))→ H2∞(o′k,Zp(i)) splits as soon as Gross’s
conjecture holds for all the layers Kn.
Proof. Using standard properties of Pontryagin duality and the equality H2∞(o
′
K ,Zp(i))
∆ = H2∞(o
′
k,Zp(i)),
it is easy to show that the first condition is equivalent to the splitting of the surjective map(
H2∞(o
′
K ,Zp(i))
∗
)
∆
→ (X2∞(K,Zp(i)))∗)∆ .
Therefore the equivalence between the two statements of the corollary follows by Proposition 3.4. The
last assertion follows by Proposition 3.2.
Once we have given conditions for the inclusion X2∞(k,Zp(i)) ⊆ H2∞(o′k,Zp(i)) to split, we aim to see
when the splitting at infinite level implies the splitting at finite levels. It is natural to look at this problem
using Galois descent.
Proposition 3.7. Let k be a number field and i ≥ 2 be an integer. Suppose that
(i) the surjective homomorphism H2e´t(o
′
k,Zp(i))→ H2∞(o′k,Zp(i))Γ splits;
(ii) the injective Λ-homomorphism X2∞(k,Zp(i))→ H2∞(o′k,Zp(i)) splits.
Then the inclusion X2e´t(k,Zp(i))→ H2e´t(o′k,Zp(i)) splits.
Proof. If X2∞(k,Zp(i)) → H2∞(o′k,Zp(i)) splits in the category of Λ-modules, then X2∞(k,Zp(i))Γ →
H2∞(o
′
k,Zp(i))
Γ splits. The latter condition implies the splitting of X2e´t(k,Zp(i))→ H2e´t(o′k,Zp(i)), thanks
to (i), Theorem 2.1 and Lemma 3.1.
Combining Proposition 3.7 and Corollary 3.6 gives the main result of this section.
Theorem 3.8. Let k be a number field and i ≥ 2 be an integer. Suppose that
(a) the surjective homomorphism H2e´t(o
′
k,Zp(i))→ H2∞(o′k,Zp(i))Γ splits;
(b) Ψ(K∞)(i− 1)∆ = 0;
(c) Gross’s and Leopoldt’s conjectures hold for all the layers Kn.
Then the injective homomorphism X2e´t(k,Zp(i))→ H2e´t(o′k,Zp(i)) splits.
Remarks 3.9. 1) Suppose that the Iwasawa µ invariant of X ′K∞ is trivial (this holds for example if k
is abelian by a classical result of Ferrero and Washington). Then, by Theorem 2.1, Condition (a) of
Theorem 3.8 holds asymptotically, i.e. the surjection H2e´t(o
′
kn
,Zp(i))→ H2∞(o′k,Zp(i))Γn splits for n
large enough.
2) Suppose that k is totally real (hence K is CM).
• If i is even, then X ′ ◦K∞ (i− 1)∆ = 0 by Proposition 2.3. In particular Condition (a) of Theorem
3.8 holds, thanks to Theorem 2.1.
• If i is odd, then we have
Ψ(K∞)(i− 1)∆ ⊆ Ψ(K∞)(i− 1)∆0 ∼= Ψ(K∞)∆0(i− 1),
where K+ denotes the maximal totally real subfield of K and ∆0 = Gal(K/K
+) ⊆ ∆. Now,
under Greenberg’s conjecture Ψ(K∞)
∆0 = Ψ(K+∞) = 0 by Remark 2.7. In particular, under
Greenberg’s conjecture, Condition (b) of Theorem 3.8 holds.
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3) Of course, if X ′ ◦K∞ (i − 1)∆ = 0, then, by Theorem 2.1, Condition (a) of Theorem 3.8 is satisfied.
However the condition X ′ ◦K∞ (i− 1)∆ = 0 could in general be too strong for our purposes. In fact, by
Schneider’s isomorphism
X
2
e´t(k,Zp(i))
∼= X ′K∞(i− 1)G = (X ′K∞(i− 1)∆)Γ.
In particular, by Nakayama’s lemma, X2e´t(k,Zp(i)) is trivial precisely when X
′
K∞
(i − 1)∆ is. Now,
if k is a totally real field satisfying Greenberg’s conjecture and i ≡ 1 (mod #∆), then
X ′K∞(i− 1)∆ ∼= X ′k∞ = X ′ ◦k∞ ∼= X ′ ◦K∞ (i− 1)∆.
Therefore, in this situation, the triviality of X ′ ◦K∞ (i− 1)∆ is equivalent to that of X2e´t(k,Zp(i)).
4 Conditions for the splitting via Galois codescent
In this section we shall follow a different approach to find a condition for the inclusion X2e´t(k,Zp(i)) →
H2e´t(k,Zp(i)) to split. We study the splitting of the inclusion of Λ-modules X
2
Iw(k,Zp(i))→ H2Iw(k,Zp(i))
and then use the good codescent properties of higher wild and tame kernels.
Taking inverse limits of the exact sequence (2) for i ≥ 1 along the cyclotomic tower, we obtain the
following exact sequence of Λ-modules
0→X2Iw(k,Zp(i))
ιk,Iw−→ H2Iw(o′k,Zp(i))
pik,Iw−→ ⊕
v|p
⊕
w|v
H2Iw(kv ,Zp(i))→ H0∞(k,Qp/Zp(1− i))∗ → 0 (17)
where, in the second sum, w runs over the primes of k∞ dividing a p-adic prime v of k. Set
⊕k,Iw = ⊕
v|p
⊕
w|v
H2Iw(kv ,Zp(i)), ⊕˜k,Iw = ker
(⊕k,Iw → H0∞(k,Qp/Zp(1− i))∗) ,
so that we have an exact sequence
0→X2Iw(k,Zp(i))
ιk,Iw−→ H2Iw(o′k,Zp(i))
pik,Iw−→ ⊕˜k,Iw → 0. (18)
Note that the above exact sequence splits in the category of Zp-modules since ⊕˜k,Iw is either trivial or a
free Zp-module (H
2
Iw(kv ,Zp(i))
∼= H0∞(kv ,Qp/Zp(1− i))∗ is either trivial or Zp-free of rank 1).
Let M,N be two finitely generated compact Λ-modules, then we let Hom(M,N) (resp. HomΛ(M,N))
denote the group of continuous Zp-homomorphisms (resp. Λ-homomorphisms). Then Hom(M,N) has a
structure of Γ-module such that (γf)(m) = γf(γ−1m), for every f ∈ Hom(M,N), γ ∈ Γ and m ∈M . In
particular Hom(M,N)Γ = HomΓ(M,N) = HomΛ(M,N).
Lemma 4.1. Let
0→M1 ι−→M2 pi−→M3 → 0 (19)
be an exact sequence of finitely generated compact Λ-modules which splits in the category of Zp-modules.
Then (19) splits in the category of Λ-modules if and only if
ker
(
Hom(M3,M1)Γ
ι◦−→ Hom(M3,M2)Γ
)
= 0. (20)
Proof. Since (19) splits as Zp-modules, we have an exact sequence of Γ-modules
0→ Hom(M3,M1) ι◦−→ Hom(M3,M2) pi◦−→ Hom(M3,M3)→ 0.
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Note that if (19) splits as Γ-modules, then clearly the same holds for the above sequence and in particular
(20) holds. Suppose conversely that (20) holds. A standard application of the snake lemma to the above
exact sequence gives an exact sequence
HomΓ(M3,M2)
pi◦−→ HomΓ(M3,M3)→ Hom(M3,M1)Γ ι◦−→ Hom(M3,M2)Γ.
We deduce that π◦ : HomΓ(M3,M2) → HomΓ(M3,M3) is surjective. In particular, there exists σ ∈
HomΓ(M3,M2) = HomΛ(M3,M2) such that π◦σ = idM3 .
When i = 1 we have X2e´t(K,Zp(1))
∼= A′K and therefore (2) reads
0→ A′K → H2e´t(o′K ,Zp(1))→ ⊕
v|p
H2e´t(Kv,Zp(1))→ H0e´t(K,Qp/Zp)∗ → 0.
Note that
H2e´t(Kv,Zp(1))
∼= H0e´t(Kv ,Qp/Zp)∗ ∼= Zp
by local duality. Hence the inclusion A′K → H2e´t(o′K ,Zp(1)) splits as Zp[∆]-modules and therefore also
as Λ[∆]-modules (with trivial Γ-action), since it maps A′K isomorphically onto tZp(H
2
e´t(o
′
K ,Zp(1))). In
particular the inclusion A′K(i− 1)∆ → H2e´t(o′K ,Zp(1))(i − 1)∆ splits as Λ-modules.
Lemma 4.2. For every i ∈ Z, there is a commutative diagram of Λ[∆]-modules
X
2
Iw(K,Zp(i))
ιK,Iw,i−−−−→ H2Iw(o′K ,Zp(i))
≀
y ≀y
X
2
Iw(K,Zp)(i)
ιK,Iw,0(i)−−−−−−→ H2Iw(o′K ,Zp)(i)
whose vertical arrows are natural isomorphisms.
Proof. We have
H2Iw(o
′
K ,Zp(i)) = lim←−
n
lim
←−
m
H2e´t(o
′
Kn ,Z/p
mZ(i))
= lim
←−
m
lim
←−
n≥m
H2e´t(o
′
Kn ,Z/p
mZ(i))
∼= lim
←−
m
lim
←−
n≥m
H2e´t(o
′
Kn ,Z/p
mZ)(i) (since µpm ⊆ Kn if n ≥ m)
= lim
←−
n
lim
←−
m
H2e´t(o
′
Kn ,Z/p
mZ)(i) = H2Iw(o
′
K ,Zp)(i).
A similar argument shows that, for any p-adic prime w of K, there is an isomorphism H2Iw(Kw,Zp(i))
∼=
H2Iw(Kw,Zp)(i) which is compatible with the one above. Hence the statement of the lemma follows.
Remark 4.3. If the Iwasawa µ-invariant of X ′K∞ is trivial and i ≥ 2, there exist isomorphisms of Λ[∆]-mo-
dules
X
2
∞(K,Zp(i))
∼= X2Iw(K,Zp(i))⊗Qp/Zp, H2∞(o′K ,Zp(i)) ∼= H2Iw(o′K ,Zp(i))⊗Qp/Zp
(see [KM13, Lemma 2.4]). Thus Lemma 4.2 can be used to prove the result of Remark 3.5.
We are now ready for the main result of this section.
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Theorem 4.4. Let k be a number field and i ≥ 2 be an integer. Suppose that the map
α : Hom(⊕˜k,Iw,X ′K∞ (i− 1)∆)Γ → Hom(⊕˜k,Iw, A′K(i− 1)∆)Γ, (21)
induced by the natural map X ′K∞ (i − 1)∆ → A′K(i − 1)∆, is injective. Then the injective homomorphism
X
2
e´t(k,Zp(i))→ H2e´t(o′k,Zp(i)) splits.
Proof. By (6), it suffices to show that the exact sequence (18) splits in the category of Λ-modules. Note
that
X
2
Iw(k,Zp(i))
∼= X ′K∞ (i− 1)∆,
by Schneider’s isomorphism. Then, according to Lemma 4.1, the exact sequence (18) splits if and only if
the map
β : Hom(⊕˜k,Iw,X ′K∞ (i− 1)∆)Γ → Hom
(⊕˜k,Iw,H2Iw(o′k,Zp(i)))Γ , (22)
induced by ιK,Iw via the above isomorphism, is injective. Hence it is sufficient to show that ker (β) ⊆
ker (α).
Using Lemma 4.2, we get an isomorphism H2Iw(o
′
k,Zp(i))
∼= H2Iw(o′K ,Zp(1))(i − 1)∆ and therefore a
morphism H2Iw(o
′
k,Zp(i))→ H2e´t(o′K ,Zp(1))(i− 1)∆ fitting into a commutative diagram of Λ-modules
X ′K∞ (i− 1)∆ −−−−→ A′K(i− 1)∆y y
H2Iw(o
′
k,Zp(i)) −−−−→ H2e´t(o′K ,Zp(1))(i− 1)∆
whose vertical arrows are injective. Applying the functor Hom(⊕˜k,Iw,−)Γ to the above diagram, we get a
commutative diagram
Hom(⊕˜k,Iw,X ′K∞ (i− 1)∆)Γ
α−−−−→ Hom(⊕˜k,Iw, A′K(i− 1)∆)Γ
β
y y
Hom(⊕˜k,Iw,H2Iw(o′k,Zp(i)))Γ −−−−→ Hom(⊕˜k,Iw,H2e´t(o′K ,Zp(1))(i− 1)∆)Γ.
According to the discussion prior to Lemma 4.1, the injection A′K(i− 1)∆ → H2e´t(o′K ,Zp(1))(i− 1)∆ splits
as a homomorphism of Λ-modules. Therefore the same holds for the injection Hom(⊕˜k,Iw, A′K(i− 1)∆)→
Hom(⊕˜k,Iw,H2e´t(o′K ,Zp(1))(i− 1)∆). Hence the right vertical arrow of the above diagram is injective and
we have ker (β) ⊆ ker (α), as desired.
The condition of Theorem 4.4, despite its aspect, can be simplified in several concrete situations, as
the following result shows.
Corollary 4.5. Suppose that n0(K) = 0 (i.e. all p-adic places are totally ramified in K∞/K). Then, if
Ψ(K)(i− 1)∆ = 0, the inclusion X2e´t(k,Zp(i))→ H2e´t(o′k,Zp(i)) splits.
Proof. Since Q := H0∞(k,Qp/Zp(1− i))∗ is either trivial or a free Zp-module, the exact sequence of Λ-
modules
0→ ⊕˜k,Iw → ⊕k,Iw → Q→ 0
splits in the category of Zp-modules. We thus get a commutative diagram of Λ-modules with exact rows
0 // Hom(Q,X ′K∞ (i− 1)∆)

// Hom(⊕k,Iw,X ′K∞ (i− 1)∆)

// Hom(⊕˜k,Iw,X ′K∞ (i− 1)∆)

// 0
0 // Hom(Q,A′K(i− 1)∆) // Hom(⊕k,Iw, A′K(i− 1)∆) // Hom(⊕˜k,Iw, A′K(i− 1)∆) // 0.
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Now note that
Q = H0∞(k,Qp/Zp(1− i))∗ ∼=
{
Zp(i− 1) if i ≡ 1 (mod [K : k])
0 otherwise,
as Γ-modules,
H2Iw(kv,Zp(i))
∼=
{
Zp(i− 1) if i ≡ 1 (mod [kv(µp) : kv])
0 otherwise,
as Γv-modules,
where Γv = Gal(kv,∞/kv) is the Galois group of the cyclotomic Zp-extension of kv . Since, by hypothesis,
all p-adic places are totally ramified in K∞/K (and hence in k∞/k), we have Γ = Γv and an isomorphism
of Λ-modules
⊕k,Iw ∼= ⊕′
v|p
Zp(i− 1),
where the module on the right-hand side is the sum of the Λ-module Zp(i− 1) over the p-adic places v of
k such that i ≡ 1 (mod [kv(µp) : kv ]).
For every Λ[∆]-module M and every j ∈ Z, there is a natural isomorphism of Λ[∆]-modules M(−j) ∼=
Hom(Zp(j),M). Moreover, M(j)∆(−j) ∼= M [−j] as Λ[∆]-modules. As usual, here M [−j] denotes the
eigenspace of M where ∆ acts as multiplication by ω−j, ω : ∆→ Z×p being the Teichmüller character. In
particular, if i ≡ 1 (mod [K : k]), then obviously i ≡ 1 (mod [kv(µp) : kv ]) for every p-adic place v and
from the above diagram we deduce a commutative diagram of Λ-modules with exact rows
0 −−−−→ X ′K∞
[1−i] −−−−→ ⊕′
v|p
X ′K∞
[1−i] −−−−→ Hom(⊕˜k,Iw,X ′K∞ (i− 1)∆) −−−−→ 0y y y
0 −−−−→ A′K[1−i] −−−−→ ⊕′
v|p
A′K
[1−i] −−−−→ Hom(⊕˜k,Iw, A′K(i− 1)∆) −−−−→ 0.
If instead i 6≡ 1 (mod [K : k]), the terms in the left-hand column are trivial. We shall continue the proof
in the case where i ≡ 1 (mod [K : k]), the case i 6≡ 1 (mod [K : k]) follows by similar arguments. Of
course if i ≡ 1 (mod [K : k]), then ⊕′v|pZp(i−1) = ⊕v|pZp(i−1). Then taking Γ-coinvariants in the above
diagram we get a commutative diagram of Zp-modules with exact rows
(X ′K∞
[1−i])Γ −−−−→ ⊕
v|p
(X ′K∞
[1−i])Γ −−−−→ Hom(⊕˜k,Iw,X ′K∞ (i− 1)∆)Γ −−−−→ 0y y yα
0 −−−−→ A′K[1−i] −−−−→ ⊕
v|p
A′K
[1−i] −−−−→ Hom(⊕˜k,Iw, A′K(i− 1)∆)Γ −−−−→ 0,
where α is the map of Theorem 4.4. Note that ker
(
(X ′K∞
[1−i])Γ → A′K[1−i]
)
= Ψ(K)[1−i] = 0 by hypothesis.
Hence the snake lemma gives an inclusion
ker (α) →֒ coker
(
(X ′K∞
[1−i]
)Γ → A′K[1−i]
)
.
Since n0(K) = 0, the map X
′
K∞
→ A′K is surjective so the corollary follows by Theorem 4.4.
Remark 4.6. It is interesting to compare the hypotheses of Theorem 3.8 with those of Corollary 4.5 (and
hence of Theorem 4.4). If Ψ(K)(i − 1)∆ = 0, then of course Ψ(K∞)(i − 1)∆ = 0 by Lemma 2.6. On the
other hand, even if Ψ(K∞)(i− 1)∆ = 0 and H2e´t(o′k,Zp(i))→ H2∞(o′k,Zp(i))Γ splits, Ψ(K)(i− 1)∆ may be
nontrivial. For example, consider the case where p = 3, i = 2 and k = Q(
√−3 · 3739) (for which n0(K) =
0). Then the PARI program developed by Browkin and Gangl (see [BG99]) gives #H2e´t(o
′
k,Z3(2)) = 3
2.
Moreover k has one prime v above 3 and kv = Q3(µ3). In particular there is an exact sequence
0→ (A′K/3(1))∆ → H2e´t(o′k,Z3(2))/3 → Z/3Z→ 0
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(see [Ke89, proof of Theorem 6.6] or [Ta76, Theorem 6.2]). Using PARI, we get #(A′K/3(1))∆ = 3 and
therefore H2e´t(o
′
k,Z3(2)) has 3-rank 2, giving H
2
e´t(o
′
k,Z3(2))
∼= Z/3×Z/3Z. This immediately implies that
the surjection H2e´t(o
′
k,Z3(2)) → H2∞(o′k,Z3(2))Γ splits. Furthermore Ψ(K∞)(i − 1)∆ ∼= Ψ(k′∞)(i − 1),
where k′ = Q(
√
3739) is the totally real subfield of K = k(µ3). In particular Ψ(K∞)(i − 1)∆ = 0 by
Remark 2.7. On the other hand, using again PARI and the methods of [LMN05, Section 4.3], we get
Ψ(K)(i − 1)∆ ∼= Ψ(k′)(i − 1) 6= 0. Note that this also shows that the converse of Corollary 4.5 does not
hold in general.
5 A general criterion using class groups
In this section we will prove a criterion for the inclusion X2e´t(k,Zp(i)) → H2e´t(o′k,Zp(i)) to split in terms
of the triviality of some codescent kernels which are somehow reminiscent of the Ψ(Kn). In fact we shall
use this criterion to give a different proof of Corollary 4.5.
For every i ≥ 1 and every m ∈ N, let k(µ⊗ipm) be the subfield of k(µpm) which is fixed by the kernel
of the homomorphism Gal(k(µpm)/k) → Aut(µ⊗ipm), induced by the action of Gal(k(µpm)/k) on µ⊗ipm . For
this section, we shall set j = i − 1. We also recall the notation Gn = Gal(K∞/kn) (and G0 = G) and we
set
X
2
e´t(k,Z/p
mZ(i)) = ker
(
H2e´t(o
′
k,Z/p
mZ(i))→ ⊕
v|p
H2e´t(kv ,Z/p
mZ(i))
)
.
The following well-known lemma indicates the strategy of our criterion.
Lemma 5.1. The following conditions are equivalent:
• X2e´t(k,Zp(i))→ H2e´t(o′k,Zp(i)) splits;
• for every m ∈ N, the map X2e´t(k,Zp(i))/pm → H2e´t(o′k,Zp(i))/pm is injective.
Proof. The second condition can be rephrased by saying that X2e´t(k,Zp(i)) is pure in H
2
e´t(o
′
k,Zp(i)) (see
[Ka69, Chapter 7]). Then the lemma follows by [Ka69, Theorem 5] and the (obvious) fact that a direct
summand of an abelian group is a pure subgroup.
For any m ∈ N and any i ≥ 1, set
Ψ(k, pm, i) := ker
(
X
2
e´t(k,Zp(i))/p
m → H2e´t(o′k,Zp(i))/pm
)
.
This notation is reminiscent of Ψ(k) = ker
(
(X ′k∞ )Γ → A
′
k
)
and the next proposition partially explains this
relation. We will need the following observation: for every i 6= 1, Schneider’s isomorphism X2e´t(k,Zp(i)) ∼=(
X ′K∞ (j)
)
G
can also be obtained taking projective limits over m > 0 of the isomorphisms
X
2
e´t(k,Z/p
mZ(i)) ∼=
(
A′
k(µ⊗j
pm
)
/pm(j)
)
Gal(k(µ⊗j
pm
)/k)
. (23)
Using the definition of k(µ⊗jpm), the isomorphism (23) follows from class field theory and Poitou-Tate duality
(see [Ca10, Section 3]).
Proposition 5.2. For every integer m and j + 1 = i ≥ 2, there is an exact sequence
0→ Ψ(k, pm, i)→
(
X ′K∞/p
m(j)
)
G
→
(
A′
k(µ⊗j
pm
)
/pm(j)
)
Gal(k(µ⊗j
pm
)/k)
→ Dm,i → 0
where Dm,i is the Pontryagin dual of the kernel of H
0
e´t(k,Qp/Zp(−j))/pm → ⊕
v|p
H0e´t(kv ,Qp/Zp(−j))/pm
and is trivial if i 6≡ 1 (mod [K : k]).
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Proof. Taking cohomology of the exact sequence
0→ Zp(i) p
m
−→ Zp(i)→ Z/pmZ(i)→ 0
and using the long exact sequence of Poitou-Tate, we get the following commutative diagram with exact
rows
0 −−−−→ Ψ(k, pm, i) −−−−→ X2e´t(k,Zp(i))/pm −−−−→ H2e´t(o′k,Zp(i))/pm −−−−→ ⊕˜k/pm −−−−→ 0y y y
0 −−−−→ X2e´t(k,Z/pmZ(i)) −−−−→ H2e´t(o′k,Z/pmZ(i)) −−−−→ ⊕˜k,pm −−−−→ 0,
where
⊕˜k = ker
(
⊕
v|p
H2e´t(kv ,Zp(i))→ H0e´t(k,Qp/Zp(−j))∗
)
,
⊕˜k,pm = ker
(
⊕
v|p
H2e´t(kv ,Z/p
mZ(i))→ H0e´t(k,Z/pmZ(−j))∗
)
.
The vertical arrow in the middle is an isomorphism, since cdp(Spec(o
′
k)) ≤ 2. Then the snake lemma and
the discussion prior to Lemma 5.1 give the exact sequence
0→ Ψ(k, pm, i)→
(
X ′K∞/p
m(j)
)
G
→
(
A′
k(µ⊗j
pm
)
/pm(j)
)
Gal(k(µ⊗j
pm
)/k)
→ Dm,i → 0,
where Dm,i = ker
(⊕˜k/pm → ⊕˜k,pm). We also have a commutative diagram with exact rows and columns
0y
Dm,iy
⊕˜k/pm −−−−→ ⊕
v|p
H2e´t(kv,Zp(i))/p
m −−−−→ H0e´t(k,Qp/Zp(−j))∗/pm −−−−→ 0y y y
0 −−−−→ ⊕˜k,pm −−−−→ ⊕
v|p
H2e´t(kv ,Z/p
mZ(i)) −−−−→ H0e´t(k,Z/pmZ(−j))∗ −−−−→ 0.
Since cdp(Spec(kv)) ≤ 2 for any v | p, we deduce that the vertical arrow in the middle is an isomorphism.
Hence, using the snake lemma and local duality,
Dm,i = ker
(
⊕˜k/pm → ⊕
v|p
H2e´t(kv ,Zp(i))/p
m
)
= coker
(
⊕
v|p
H2e´t(kv,Zp(i))[p
m]→ H0e´t(k,Qp/Zp(−j))∗[pm]
)
= coker
(
⊕
v|p
H0e´t(kv,Qp/Zp(−j))∗[pm]→ H0e´t(k,Qp/Zp(−j))∗[pm]
)
= coker
(
⊕
v|p
(
H0e´t(kv ,Qp/Zp(−j))/pm
)∗ → (H0e´t(k,Qp/Zp(−j))/pm)∗
)
=
(
ker
(
H0e´t(k,Qp/Zp(−j))/pm → ⊕
v|p
H0e´t(kv ,Qp/Zp(−j))/pm
))∗
,
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where for an abelian group M , we denote by M [pm] the elements of M annihilated by pm. Note that, if
i 6≡ 1 (mod [K : k]), then H0e´t(k,Qp/Zp(−j)) = 0 and hence Dm,i is trivial for every m ∈ N.
The above proposition and Lemma 5.1 give the main result of this section.
Theorem 5.3. Let k be a number field. For any integer m and j+1 = i ≥ 2, the inclusion X2e´t(k,Zp(i))→
H2e´t(o
′
k,Zp(i)) splits if and only if
ker
((
X ′K∞/p
m(j)
)
G
→
(
A′
k(µ⊗j
pm
)
/pm(j)
)
Gal(k(µ⊗j
pm
)/k)
)
= 0, for every m ∈ N. (24)
Remark 5.4. It is interesting to compare (24) with the condition(
A′
k(µ⊗j
pm
)
/pm(j)
)
Gal(k(µ⊗j
pm
)/k)
= 0, for every m ∈ N,
which is equivalent to the splitting of the inclusion H2e´t(o
′
k,Zp(i)) → H2cont(k,Zp(i)) by [Ca10, Theorem
1].
Using Theorem 5.3, we can give a different proof of Corollary 4.5.
Alternate proof of Corollary 4.5. Fix m ∈ N and write [k(µ⊗jpm) : k] = djpn, with (dj , p) = 1. Then n is
the smallest integer such that k(µ⊗jpm) ⊆ Kn (in particular Gal(K∞/k(µ⊗ipm)) acts trivially on Z/pmZ(j)).
Since n0(K) = 0, we have an exact sequence
0→ Ψ(Kn)→ (X ′K∞ )Γn → A′Kn → 0.
Taking (−j)-components with respect to the action of ∆, we get an exact sequence
0→ Ψ(Kn)[−j] → (X ′K∞
[−j]
)Γn → A′Kn
[−j] → 0
(note that the actions of Γn and ∆ commute since Gn is abelian). Since Ψ(K)(j)∆ = 0, we deduce
that Ψ(Kn)(j)
∆ = Ψ(Kn)
[−j] = 0 by Lemma 2.6. Therefore the above exact sequence reduces to an
isomorphism
(X ′K∞
[−j]
)Γn
∼= A′Kn
[−j]
.
Now applying the functor ⊗Z/pmZ(j) we get an isomorphism(
X ′K∞/p
m(j)
)
Gn
→ (A′Kn/pm(j))∆ ,
since Γn acts trivially on Z/p
mZ(j). Finally, taking Gal(Kn/K)-coinvariants we get an isomorphism
(
X ′K∞/p
m(j)
)
G
∼=
(
A′Kn/p
m(j)
)
Gal(Kn/k)
=
(
A′
k(µ⊗j
pm
)
/pm(j)
)
Gal(k(µ⊗j
pm
)/k)
,
where the last equality comes from the fact that Gal(Kn/k(µ
⊗j
pm)) acts trivially on Z/p
mZ(j) and has order
coprime with p.
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6 Examples
In this section we will illustrate our results in the case of quadratic number fields and p = 3. We further
assume i = 2 to recover the classical context. In other words (see the introduction for more details), we
shall consider the exact sequence
0→WK2(k){3} → K2(ok){3} → ⊕˜
v|3
µ(kv){3} → 0, (25)
where
⊕˜
v|3
µ(kv){3} = ker
(
⊕
v|3
µ(kv){3} → µ(k){3}
)
.
Using PARI [PA], we will provide examples for both split and non-split cases of the above exact sequence.
Let k = Q(
√
δ) be a quadratic field. As usual we set K = k(µ3) and let k
′ = Q(
√−3δ) denote
the quadratic subfield of K = k(µ3) which is different from k and Q(µ3). Note that in this situation
n0(K) = 0, i.e. all the primes above 3 in K∞/K are totally ramified. Moreover, we have an isomorphism
Ψ(K)(1)∆ ∼= Ψ(k′).
Remark 6.1. For a quadratic number field k, Schneider’s isomorphismWK2(k){3} ∼= X ′K∞(1)G = X ′K∞
[−1](1)Γ,
together with Nakayama’s lemma, implies that WK2(k){3} = 0 if and only if X ′k′∞ = 0, since X
′
K∞
[−1] ∼=
X ′k′∞ . Moreover, if Ψ(k
′) = 0, then there is an isomorphism (X ′k′∞)Γ
∼= A′k′ . In particular, when Ψ(k′) = 0,
WK2(k){3} = 0 if and only if A′k′ = 0.
It is easy to see that, if k = Q(
√
δ) with δ ∈ Z square-free, then ⊕˜v|3µ(kv){3} is non trivial if and only
if δ ≡ −3 (32) and δ 6= −3. In fact in these circumstances there is only one prime v above 3 and µ(kv){3}
has order 3 while µ(k){3} is trivial, so that [K2(ok){3} : WK2(k){3}] = 3.
Thus for the rest of this section we set k = Q(
√
δ), with δ ∈ D where
D = {x ∈ Z \ {−3} |x square-free, x ≡ −3 (mod 32)}.
Example 6.2. Suppose that
Ψ(k′) = ker((X ′k′∞)Γ → A
′
k′) = 0 and A
′
k′ 6= 0. (26)
The first of the above conditions can be easily verified using the methods of [LMN05, Section 4.3]. Then
(25) splits with WK2(k){3} 6= 0, thanks to Corollary 4.5 and Remark 6.1, and, since δ ∈ D, we have
K2(ok){3} ∼=WK2(k){3} ⊕ Z/3Z
as abelian groups (an easy argument shows that the same holds with k replaced by K).
For positive δ, combined with the Birch-Tate formula ζk(−1) = (#K2(ok))/24, the splitting of (25)
sometimes allows to completely determine the structures of K2(ok){3} and WK2(k){3}. For example, if
k = Q(
√
3 · 239), the Birch-Tate formula gives #K2(ok){3} = 32. We also have A′k′ ∼= Z/3Z, which implies
that the 3-rank of K2(ok) is 2, thanks to the Keune-Tate exact sequence ([Ke89, proof of Theorem 6.6] or
[Ta76, Theorem 6.2]). Finally Ψ(k′) = 0 and therefore we get
WK2(k){3} ∼= Z/3Z and K2(ok){3} ∼= Z/3Z ⊕ Z/3Z.
Based on the computation of the regulator R2(k) in Lichtenbaum’s generalization of the Birch-Tate
formula ζk(−1) = R2(k)(#K2(ok))/24, Browkin and Gangl ([BG99]) predicted the structure of K2(ok)
when k is an imaginary quadratic field whose discriminant has absolute value less than 5000. We have
applied our methods to the cases in the list of [BG99] and, as far as the 3-parts are concerned, our results
agree with those in their list.
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Example 6.3. If Ψ(k′) 6= 0, we cannot apply Corollary 4.5. Nevertheless, if
Ψ(k′) = ker((X ′k′∞)Γ → A
′
k′) 6= 0 and A′k′ = 0, (27)
then (25) does not split. Indeed, when A′k′ = 0, the condition Ψ(k
′) 6= 0 is equivalent to X ′k′∞ 6= 0.
Therefore
ker
((
X ′K∞/3(1)
)
G
→ (A′K/3(1))∆
)
=
(
X ′K∞/3(1)
)
G
∼= X ′k′∞/3(1) 6= 0, (28)
which implies that (25) does not split by Theorem 5.3. In fact, this can also be proved in the following way:
if A′k′ = 0, then the 3-rank of K2(ok) is 1 (by the Keune-Tate exact sequence) and, since WK2(k){3} 6= 0
by (28), this implies that (25) does not split. Note that the first condition in (27) can be verified using
the recipe of [LMN05, Section 4.3]. If (27) holds, then, since δ ∈ D, we have
WK2(k){3} ∼= Z/3aZ and K2(ok){3} ∼= Z/3a+1Z
for some a ∈ N.
As in the previous example in the totally real case we can use the information about the non splitting
of (25) to completely determine the structures of K2(ok){3} and WK2(k){3}. For example, when k =
Q(
√
3 · 14), the Birch-Tate formula gives #K2(ok){3} = 33. We also have A′k′ = 0, which implies that
K2(ok){3} is cyclic. Finally Ψ(k′) ∼= Z/3Z 6= 0 and therefore we get
WK2(k){3} ∼= Z/32Z and K2(ok){3} ∼= Z/33Z.
In the imaginary case, the results given by our methods agree once more with the predictions of [BG99],
as far as the 3-parts are concerned.
Remark 6.4. If Ψ(k′) 6= 0 and A′k′ 6= 0, then the inclusion WK2(k){3} ⊆ K2(ok){3} may or may not split,
indeed both cases may occur. For instance, for δ = 3 · 1409 or 3 · 1658, we have #Ψ(k′) = #A′k′ = 3.
Moreover the Birch-Tate formula gives #K2(ok){3} = 33 and the Keune-Tate exact sequence implies that
K2(ok){3} has 3-rank 2 and its exponent must therefore be 32. In particular ([Ke89, Theorem 6.6]), we
have
WK2(k){3} ∼=
(
A′K1 ⊗ µ9
)
Gal(K1/k)
. (29)
Now PARI tells us that the right-hand term of (29) is isomorphic to Z/3Z × Z/3Z (resp. Z/32Z) when
δ = 3 · 1409 (resp. δ = 3 · 1658). This implies that the inclusion WK2(k){3} ⊆ K2(ok){3} does not split
(resp. splits) when δ = 3 · 1409 (resp. δ = 3 · 1658).
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